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Simulation of Flow About Flapping Airfoils Using
Finite Element Incompressible Flow Solver

Ravi Ramamurti¤ and William Sandberg†

U.S. Naval Research Laboratory, Washington, D.C. 20375

A� niteelement � ow solverbased onunstructured grids is employed forstudyingthe unsteady� ow pastoscillating
airfoils. The viscous � ow past a NACA0012 airfoil at various pitching frequencies is simulated. The variation of
the force coef� cient with reduced frequency is compared to experimental and other numerical studies. The effect
of variation of the amplitude of the pitching motion on the force coef� cient shows that the critical parameter for
thrust generation is not the reduced frequency but the Strouhal number based on the maximum excursion of the
trailing edge. The � ow about the airfoil in a combined pitching and heaving motion, a mode found in many insects,
is also simulated. The effects of varying the phase angle between the pitch and the heave motions is studied. The
thrust coef� cient was compared with experimental studies and good agreement is obtained. It is found that the
maximumthrust coef� cient is obtained for when the pitch motion leads the heave motion by 120 deg and maximum
propulsive ef� ciency occurs at a phase angle of 90 deg.

Nomenclature
A = amplitude of heave motion
Cd = coef� cient of drag, Fx =q1c
Cl = coef� cient of lift, Fy =q1c
Cm = coef� cient of moment, M=q1c2

C p = coef� cient of power, ¡Cl Py ¡ Cm
Pµ

CT = coef� cient of thrust, T=q1c
c = chord length
F = force
f = frequency of oscillation,Hz
f ¤ = nondimensionalfrequency, f c=2U1
h = wake width
k = reduced frequency, 2¼ f c=2U1
M = moment about pivot point
q1 = freestream dynamic pressure, 1=2½1U 2

1
r = distance from center of rotation
Sr = Strouhal number, f h=U1
T = thrust, ¡Fx

t = time
U1 = freestream velocity
v = � ow velocity
w = mesh velocity
x; y = Cartesian coordinates, nondimensionalizedby chord
®.t/ = instantaneousangle of attack
µ = pitch angle
µ0 = amplitude of pitch motion
½1 = freestream density
Á = phase angle between pitch and heave motions

Subscripts

p = pressure contribution
v = viscous contribution
1 = freestream value

Introduction

F LAPPING foil propulsion, similar to the thunniform mode
(lunate-tail oscillation) of � sh propulsion, has received con-
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siderable attention in the past few years as an alternative to the
propeller. This mode of propulsion, which involves no body un-
dulation, has many applications, such as submersibles propulsion,
maneuvering, and � ow control, which are of interest to the hydro-
dynamic community.The unconventionalaerodynamicsof � apping
airfoils are of interest to the aerodynamiccommunity for the design
of micro-aerial vehicles (MAV) and the study of aircraft � utter.
This mode of propulsion is also important in the area of bio� uid
dynamics, for the study of propulsion in insects, birds, and certain
aquatic animals.Experimentalwork on � appingfoils have been car-
ried out by Koochesfahani1 and Anderson.2 Computational studies
have been performed by Jones and Platzer.3 Our computational re-
sults are compared with these earlier works. Recently, Tuncer and
Platzer4 have studied numerically the viscous effects of the thrust
and propulsiveef� ciencyof single � apping airfoil at Reynolds num-
ber Re D 3 £ 106 . In this paper, we investigate the thrust generation
mechanism of a � apping foil undergoingpitching and pitching and
heaving motions at very low Reynolds numbers.

In this study, a � nite element based incompressible � ow solver
based on simple, low-order elements is employed. The simple ele-
ments enable the � ow solver to be as fast as possible, reducing the
overhead in building element matrices, residual vectors, etc. The
governing equations are written in arbitrary Lagrangian Eulerian
(ALE) form, which enables simulation of � ow with moving bod-
ies. For high Reynolds number � ow cases, the mesh requirement
is met by employing arbitrary semistructuredgrids close to wetted
surfaces and wakes. The details of the � ow solver, the rigid-body
motion, and adaptive remeshing are given by Ramamurti et al.5 and
are summarized next.

Incompressible Flow Solver
The governing equations employed are the incompressible

Navier–Stokes equations in ALE formulation.They are written as

Dv
Dt

C va ¢ rv C r p D r ¢ ¾ (1a)

Dv
Dt

D @v
@t

C w ¢ rv (1b)

r ¢ v D 0 (2)

Here p denotes the pressure,va D v ¡ w, the advectivevelocity vec-
tor (� ow velocityv minus mesh velocityw), and the material deriva-
tive is with respect to the mesh velocity w. Both the pressure p and
the stress tensor ¾ have been normalized by the (constant) density
½ and are discretized in time using an implicit time-stepping pro-
cedure. It is important for the � ow solver to be able to capture the
unsteadiness of a � ow� eld. The present � ow solver is built as time
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accurate from the onset, allowing local time stepping as an option.
The resulting expressionsare subsequentlydiscretized in space us-
ing a Galerkin procedure with linear tetrahedral elements. To be as
fast as possible, the overhead in building element matrices, resid-
ual vectors, etc., should be kept to a minimum. This requirement is
met by employing simple, low-order elements that have all of the
variables (u; v; w, and p) at the same location.The resulting matrix
systems are solved iterativelyusing a preconditionedgradient algo-
rithm (PCG), as described by Martin and Löhner.6 The � ow solver
hasbeen successfullyevaluatedforboth two-dimensionaland three-
dimensionallaminarand turbulent� ow problemsby Ramamurti and
Löhner7 and Ramamurti et al.8

Rigid-Body Motion and Adaptive Remeshing
To couple fully the motion of rigid bodieswith the hydrodynamic

or aerodynamic forces exerted on them, consistent rigid-body mo-
tion integratorsmust be developed.The governingequationsof mo-
tion for rigid bodies are well known and are given by Meirovitch9

and, for multiple bodies in relative motion, by Sandberg.10 In the
presentwork, the pressuredistributionon the surface is integratedto
compute forces and moments at each time step, and the equationsof
motion are advanced in time to produce self-consistenttrajectories.
A more detailed description of the equations and the incorporation
of the rigid-body motion in the numerical scheme for solving the
� uid � ow are described by Ramamurti et al.5

To carry out computations of the � ow about oscillating and de-
forming geometries,one needs to describegrid motion on a moving
surface and couple the moving surface grid to the volume grid. The
volumegrid in theproximityof the movingsurfaceis thenremeshed,
to eliminate badly distorted elements. A representative application
requiring these gridding capabilities is the computation of the � ow
about pitching and heaving airfoils and the computation of vorti-
city shedding from the edges of oscillating foils. It is also essential
for computing the � ow past objects that are both accelerating and
deforming.In deformations,the surfacemotionmay be severe, lead-
ing, in the absence of remeshing, to distorted elements that in turn
lead to poor numerical results. If the bodies in the � ow� eld undergo
arbitrary movement, a � xed mesh structure will lead to badly dis-
torted elements. This means that at least a partial regenerationof the
computational domain is required. On the other hand, if the bodies
move through the � ow� eld, the positions of relevant � ow features
will change.Therefore, in most of the computationaldomain a new
mesh distribution will be required.

One approach to solve these problems is to add several layers
around the movingbodies that move rigidlywith the body.As the el-
ements (or edges)move, their geometricparameters(shape-function
derivatives, Jacobians, etc.) need to be recomputed at every time
step. If the whole mesh is assumed to be in motion, then these geo-
metric parameters need to be recomputed globally. To save CPU
time, only a small number of elements surrounding the bodies are
actually moved. The remainder of the � eld is then treated in the
usual Eulerian frame of reference,which avoids the need to recom-
pute geometric parameters. This may be accomplished in a variety
of ways, of which the two most common are 1) identifying several
layersof elementssurroundingthe surfacesthatmoveand 2)moving
all elements within a certain distance from the surfaces that move.
Both approaches have their advantages and disadvantagesand are,
therefore, treated in more detail.

Layers of Moving Elements
In this case, the elements moved are obtainedby starting from the

moving surfaces and performing n number of passes over nearest
neighbors to construct the n layers of elements that move. This pro-
cedure is extremely fast and works only with integer variables. On
the other hand, for situations where the element size varies rapidly,
the moving mesh region can assume bizarre shapes. This, in turn,
may force many remeshings at a later stage. This type of procedure
is most commonly used for Euler calculations.11;12

Elements Within a Distance
This second approach requires the knowledge of the distance of

a point from the moving surfaces. All elements within a prescribed

distance from the moving surfaces are considered as moving. Al-
though this procedure required more CPU time when being built, it
offers the advantageof a very smooth boundaryof the moving mesh
region. Moreover, by specifying two distances, the region close to
the moving surfaces may be moved in the same way the surfaces
move, whereas farther away the mesh velocity is smoothed as be-
fore. This allows the movement of Navier–Stokes-type grids that
are very elongatedand, hence, sensitive to any kind of distortion,as
shown by Ramamurti and Löhner.7

Mesh Movement Algorithms
An important question from the point of view of mesh distortion

and remeshing requirements is the algorithmemployed to move the
mesh. Assume that the mesh velocity on the moving surfaces of the
computationaldomain is prescribed as follows:

wj0m D w0 (3)

At a certain distance from these moving surfaces, as well as all of
the remaining surfaces, the mesh velocity vanishes:

wj00 D 0 (4)

The question now is, how to obtain a mesh velocity � eld w in such
a way that element distortion is minimized? A number of algo-
rithms have been proposed. They may be grouped together into the
following categories: 1) prescribing the mesh velocity analytically,
2) smoothing the coordinates, and 3) smoothing the velocity � eld.

Prescription via Analytic Functions
In this case, the mesh velocity is prescribed to be an analytic

function based on the distance from the surface. By the use of heap
lists, as well as other optimal data structures, the distance from the
surface may be obtained in O.N log N / operations, where N is
the number of grid points. Given this distancer and the point on the
surface closest to it xj0 , the mesh velocity is given by

w D w.xj0/ f .r/ (5)

The function f .r / assumes the valueof unity for r D 0 and decays to
zero as r increases. This makes the procedure somewhat restrictive
for general use, particularly if several moving bodies are present in
the � ow� eld. On the other hand, the procedure is extremely fast if
the initial distance r can be employed for all times.13

Smoothing of the Coordinates
In this case,we start with the prescribedboundaryvelocities.This

yields a new set of boundary coordinates at the new time step:

xn C 1j0 D xnj0 C 1twj 0 (6)

The mesh is smoothed based on these new values for the coordi-
nates of the boundary points. In most cases to date, a simple spring
analogy smoother has been employed. The new values for the coor-
dinatesare obtainediterativelyvia a relaxationor conjugategradient
scheme.14;15 As before, a good initial guess may be extrapolatedvia

xn C 1
0 D 2xn ¡ xn ¡ 1 (7)

The smoothed mesh velocity is then given by

w D .1=1t/.xn C 1 ¡ xn/ (8)

Most of the potential problems that may occur for this type of
mesh velocity smoothing are due to initial grids that have not been
smoothed. For such cases, the velocity of the moving boundaries
is superposed to a � ctitious mesh smoothing velocity that may be
quite large during the initial stages of a run. Moreover, if spring
analogysmoothersare employed, there is no guaranteethat negative
elements will not appear.

Smoothing of the Velocity Field
In this case, the mesh velocity is smoothed, based on the exterior

boundary conditions given by Eqs. (3) and (4). The aim, as stated
before,is to obtaina mesh velocity� eld w in such a way that element
distortion is minimized.
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In this study, the smoothing of the coordinates was employed
for the mesh movement with a speci� ed number of layers of ele-
ments that move rigidly with the pitching or pitching and heaving
airfoil.This methodwas successful for the pitchingairfoil cases and
for the pitching and heavingairfoil case when the initial pitch angle
of attack was 15 deg. This meant that the mesh around the airfoil
would undergo a 30-deg rotation during a complete cycle. As the
initial pitch angle of attack was increased to 30 deg, it was apparent
that negative elements would appear at the edge of the layers of
elements that move rigidly with the body. The reason for this is that
the springanalogythat is employeddoes not guaranteethat negative
elements will not appear.Also, a closer look at the grid showed that
the elements at the edge of the rigid layers were quite distortedafter
one cycle of oscillation.This is due to a residual mesh velocity that
is presentdue to the nonconvergenceof the mesh velocity � eld. This
will appear whether a spring analogy is used or a Laplacian-based
smoothing is used.

To recover the original mesh after one cycle of oscillation, the
coordinatesat the new time were obtained as a weighted average of
the original grid point location at time t D 0 and the location of the
point as if it moved rigidly with the body:

xn C 1 D x0 f .r / C xn C 1
rigid [1 ¡ f .r/] (9)

where the weighting function is a simple linear function based on
the distance from the center of rotation r and is given by

f .r/ D 0 for r < rmin

D 1 for r > rmax

D .r ¡ rmin/

.rmax ¡ rmin/
for rmax > r > rmin (10)

The mesh velocity is then obtained using Eq. (8). This ensured
that the original grid was recovered after one cycle of oscillation.
This procedure is robust and cheap in terms of computational time,
involving only one distance computation, and can be generalized
for multiple moving bodies with prescribed motion by modifying
the weighting function appropriately.

Discussion of Results
The con� gurationused for the � ow simulationsover the pitching,

and pitchingand heaving,NACA0012 airfoil is shown in Fig. 1. The
heavingmotion of the airfoil is referencedto the pivot point, located
at xp from the leading edge, and is given by

y.t/ D A sin.2¼ f t/ (11)

where A is the amplitude of the heaving motion and f is the fre-
quency of oscillation in hertz. The pitching motion of the airfoil
leads the heaving motion by a phase angle Á and is given by

µ .t/ D µ0 sin.2¼ f t C Á/ (12)

where µ0 is the amplitude of the pitchingmotion. The instantaneous
angleof attack®.t/ is obtainedfrom the � uid velocityU1, the heave
velocity Py.t/, and the pitch angle µ.t/. This can be written as

Fig. 1 Schematic of the pitching and heaving airfoil.

®.t/ D µ.t/ ¡ tan¡1[ Py.t/=U1] (13)

Pitching Airfoil
The � ow solver described here is employed to compute the � ow

about a pitchingNACA0012 airfoil.The Reynoldsnumberbasedon
chord was 1:2 £ 104 . The computational grid consisted of 10,098
points and 19,974 triangular elements. The semistructured mesh
near the airfoil was constructedso that the � rst point is at a distance
of 4 £ 10¡6 away from the wall, and approximately 30 points are
within the boundary layer. Several laminar � ow simulations were
performed for a range of frequency f , between 1 and 8 Hz and a
pitch amplitude of 2 deg. The force on the airfoil was computed by
integratingthepressureand theviscousshearstresseson the surface.
The forcecoef� cientwas thencomputedbynormalizingthepressure
and viscous components of the forces with the dynamic head of the
freestream, as shown in the Nomenclature.

To assess the independence of the computed solution with grid
re� nement, two � ner grids, consistingof 18,000 and 44,000 points,
were employed for the case of f D 5 Hz. The effect of grid re� ne-
ment on the force component in the x direction, Fx , due to pressure
is shown in Fig. 2a, and the time history of the force is observed
to be grid independent. The viscous shear forces showed a high-
frequency oscillation in the solution with 10,000 points (Fig. 2b).
These oscillations disappeared with the 18,000- and 44,000-point

a) Pressure component

b) Viscous component

Fig. 2 Effect of grid re� nement.
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Fig. 3 Comparison of thrust coef� cient.

solutions.However, the mean of the viscousforces remained almost
grid independent.

The results were then compared to those from the experimentsby
Koochesfahani.1 The variation of the force coef� cient with reduced
frequency,k D 2¼ f C=2U1, is shown in Fig. 3. The drag coef� cient
Cd is computed from the sum of the force obtained by integrating
the pressure Fxp and the viscous forces Fxv on the surface of the air-
foil and normalizing with the freestream dynamic head. The thrust
coef� cient CT is then taken to be the negative value of Cd . A neg-
ative value of the thrust coef� cient indicates a drag force, whereas
a positive value indicates thrust generation. The computed values
underpredict the experimental values. To determine the origin of
the differences, an inviscid computation was performed for these
frequencies.The computed results were compared to the numerical
resultsof Jonesand Platzer,3 and the agreementis good.From Fig. 3,
it is clear that the thrust coef� cient for the viscous cases is similar to
that of the inviscid � ow with a reduction in magnitude for all of the
frequencies computed. This implies that the viscous contribution
to the total force is small. Hence, the inviscid results represent an
upper bound for the thrust. Therefore, the thrust calculations from
the experiments are increasingly in error with increasing frequency.
Similar discrepancies with this experiment have been documented
by Jones and Platzer3 and Liu and Kawachi.16

In the experimental investigationby Koochesfahani,1 the drag or
thrustgeneratedbya bodyis computedbymeasuringthemomentum
de� cit or gain downstream of the body. The � ow is assumed to be
parallel at the cross section where the velocities are measured and
the time � uctuating quantities are small. Hence, the coef� cient of
thrust can be computed from the following integral:

T D ¡
Z C1

¡1
½
£
u2.y/ ¡ U 2

1

¤
dy

D ¡½

Z C1

¡1
u.y/[u.y/ ¡ U1]dy (14)

CT D
2
c

Z C1

¡1

u.y/

U1

µ
u.y/

U1
¡ 1

¶
dy (15)

If the velocitymeasurementsare made at a location far downstream
of the airfoil where the eddies are diffused, the results will be rea-
sonable, if the integrationdomain is suf� ciently large. Instead, if the
eddies are still coherent at the measurement plane, the assumptions
will not hold. In experiments,1 the measuring plane seems to have
been placed at one chord length downstream of the trailing edge
where the eddies are still present.

To further clarify the wake integration issue, the mean velocity
pro� le in the wake was computed in the unsteady � ow simulation.
The velocitypro� le downstreamof the airfoil was averaged in time,
and the force coef� cient was computed by integrating the resultant
velocity pro� le. Three locations were selected at x D 0:1; 0:5, and
1.0 chord lengths downstream of the trailing edge of the airfoil for
the integrationof the velocity pro� le. The results showed that for a
frequency f D 5 Hz, the forcecoef� cientthroughintegrationat these
three locations are ¡0.0036, ¡0.0117, and ¡0.0148, respectively.
The thrust coef� cient from the integrationof the pressureand shear
stresses on the surface of the airfoil was ¡0.0124. It is clear that
the values from the surface integral fall between the values from the
wake integrals and that the thrust coef� cient from the wake integral
is sensitive to the location. Thus, the computations indicate a drag
force whereas the experimental value for this case is C0.04068.
The discrepancy between the experiment and the computation may
also be due to the presence of the tunnel walls in the experiment.
Hence,to investigatethispossibilitycomputationally,theouterwalls
were placed at two chord lengths away on either side of the airfoil.
The thrust coef� cient from the wake pro� les at the three locations
for this case are C0.00463, ¡0.00655, and ¡0.00901, respectively.
The thrust coef� cient from the integrationof the pressureand shear
stresseson the surfaceof the airfoilwas ¡0.00904.The tunnelwalls,
in effect, increasethe thrust coef� cient, but only marginally. It is not
clear from Ref. 1 how far downstream the measurementswere made
to obtain the thrust in the experiments.Hence, we conclude that the

a) CT vs reduced frequency

b) CT vs Strouhal number

Fig. 4 Variation of thrust coef� cient for an oscillating airfoil.
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differencesbetween the experimentaldata and the computationsare
due to the exclusion of a contribution of the � uctuating quantities
and the pressure term in the experimental thrust computation at the
measuring location and possibly three-dimensional effects in the
tunnel, which is not in the scope of this study.

At low frequencies of oscillation, a Karman vortex street is ob-
serveddownstreamof the trailingedge.Here, theclockwise-rotating
vortices are observed on the upper row with counterclockwise-
rotatingvorticeson the lower row. As the frequencyof oscillation is
increased, the upper row of vortices are rotating counterclockwise,
and the lower row rotates clockwise, as a reverse Karman vortex
street. In these cases, these vortices induce a momentum gain in the
vicinityof the wake centerline.It is also observed that in these cases
a thrust is produced instead of drag. These wake patterns were also
observed in the visualizations of Koochesfahani.1 From Fig. 3, the
reduced frequencyat which there is a crossover from drag to thrust
is approximately 3.35 for inviscid case and approximately 10.0 for
the viscous case.

Effect of Pitch Amplitude
Next, the amplitudeof the pitchingoscillationwas increasedfrom

2 to 4 deg. First, an inviscid � ow simulation was carried out for
variousfrequenciesforbothof these amplitudes.The variationof the
coef� cient of thrust CT was plotted against the reduced frequency
k in Fig. 4a. The critical value of k for thrust generation seems to
depend on the amplitude of oscillation. Next the variation of CT

with respect to the Strouhal number was plotted in Fig. 4b. For this

a) CT vs reduced frequency

b) CT vs Strouhal number

Fig. 5 Variation of thrust coef� cient for Re = 1:2 £ £ 104.

purpose, the Strouhal numbers Sr D f h=U1 was de� ned based on
the wake width h. Because the wake width is not generally known,
the maximum excursion of the trailing edge of the airfoil is taken
as a close approximation because it is a physically relevant length
scale in the process. It is clear from Fig. 4b that the governing
parameter for the thrust coef� cient is not the reduced frequency
but the Strouhal number based on the trailing-edge displacement.
Viscous� ow simulationswere alsoperformedat variousfrequencies
for these two amplitudes at Re D 1:2 £ 104. A similar behavior of
the thrust coef� cient with k and Strouhal numbers is observed and
is shown in Figs. 5a and 5b, respectively. It is seen in Figs. 4b
and 5b that the magnitude of the thrust coef� cient is independent
of the Strouhal number based on trailing-edge displacement. At
Sr D 0:028, the results indicate that there is a dependency on the
pitch amplitude.This dependencyis morepronouncedin theviscous
case compared to the invicid case. Therefore, this dependency of
the thrust coef� cient variation at high Strouhal numbers and for
large pitch amplitudes (>4 deg) requires additional computations
to explore the dynamics thoroughly.

Pitching and Heaving Airfoil
Katz and Weihs17 have studied large-amplitude motions of a

hydrofoil, both pitching and heaving motions, with chordwise
� exibility to study propulsion in � shes. They found that the thrust
increaseswith increasingfrequency,amplitudeof motion, and angle

a) Pressure component

b) Viscous component

Fig. 6 Variation of thrust coef� cient for a pitching and heaving NACA
0012 airfoil.
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of attack.They observedthat the highest thrustand ef� ciencyoccurs
when the heave motion lags the pitching motion by approximately
90 deg. Isogai et al.18 have studied the effects of dynamic stall on
the thrust of pitching and heaving airfoils at Re D 105 . Anderson2

has experimentally studied the pitching and heaving motion of a
NACA0012 airfoil for an array of frequenciesand amplitudesof the
heavingmotion and phasingbetween the two motions.She has stud-
ied the effect of the leading-edge separation on the wake structure,
the effect of the Strouhal number on the thrust and vortex strength,
and the in� uence of the phase angle on the dynamic stall vortices
and, hence, the thrust generation. In the present study, we have se-
lected some of the cases from Anderson’s work and compared our
computational results with the experimental data.

The � rst case that was selected was of a pitching and heaving
NACA0012 airfoil at Re D 1:1 £ 103 , based on the chord of the
airfoil, with the heaving motion lagging the pitching motion by
90 deg. The nondimensionalfrequency, f ¤ D f c=2U1 selectedwas
0.3, the pitch amplitudeµ0 D 15 deg, and the heaveamplitude A D c.
This translates to a Strouhal number bases on chord Src D 0:6. The
simulation was carried out for eight cycles of oscillation using a

Fig. 7 Variation of lift coef� cient for a pitching and heaving airfoil,
Á = 90 deg and f ¤ = 0:3.

Fig. 8 Vorticity contours for a pitching and heaving airfoil, Re = 1:1 £ £ 103 and f ¤ = 0:3.

grid consistingof 23,331 points and 46,274 triangles.The variation
of the force coef� cient due to the pressure and viscous components
with time are shown in Fig. 6. The total mean thrust coef� cient is
1.35. The thrust coef� cient from Ref. 2 for this case is 1.2.

The variation of lift coef� cient for this case is shown in Fig. 7. A
harmonic analysis of the variation of the lift coef� cient with time
shows that the � rst harmonic lags the prescribed heaving motion,
Eq. (11), by 98 deg. Also, Fig. 7 shows that there is a narrow period,
between t D 10:5 and 10.6 s, duringwhich the lift is almost constant.
A closer examinationof the vorticitydistributionshows that a vortex
with a positive sign is attached on the top surface of the airfoil
(Figs. 8a–8c) and is lifted off the surface (Fig. 8d) when the lift
begins to recover.

Next, simulations were performed for several phase angles Á
ranging from 30 to 140 deg and for f ¤ D 0:45. The pitch ampli-
tude in this case was 30 deg, and the heave amplitude was retained
to be equal to the chord. From Fig. 9a, it can be seen that the coef� -
cient of force reachesa maximum at a Á D 120 deg. The comparison
with the experimentsof Anderson2 is goodexceptfor the Á D 90 deg
data point. The experimental data show that there is a drop in CT

at Á D 100 deg, and a subsequent increase at Á D 110 deg. We see
no physically compelling reason for this trend. Isogai et al.18 have
shown that for higher reduced frequencies,the maximum thrust oc-
curs at Á D 120 deg rather that at 90 deg. In Fig. 9b, the variation of
the lift coef� cient component due to pressure, Clp , that due to the
viscous forces, Clv , and the total Cl with the phase angle are shown.
The lift coef� cient achieves a maximum at Á D 50 deg, drops to a
negative value at Á D 120 deg and then increases to a positive value
at Á D 140 deg. Note that the phase angle for the maximum force,
Á D 120 deg, is not desirable for lift generation. For example, if
the required lift coef� cient to balance the weight and any vertical
acceleration is 0.02, then the optimal Á would be 100 deg; if the
required lift coef� cient is 0.09, then the optimal Á would be 50 deg.
The propulsive ef� ciency for this case is computed as follows:

´ D T U1=P (16)

where P is the power input. This reduces in nondimensional terms
to

´ D CT =C p (17)

where

Cp D ¡.Cl Py C Cm
Pµ/ (18)

Figure 10 shows that the propulsive ef� ciency achieves a max-
imum of approximately 0.3 at around Á D 90 deg. Similar results
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a) Thrust coef� cient

b) Lift coef� cient

Fig.9 Variationof thrust and lift coef� cients for a pitchingand heaving
airfoil; Re = 1:1 £ £ 103 and f ¤ = 0:45.

Fig. 10 Variation of propulsive ef� ciency with phase angle; f ¤ = 0:45
and Re = 1:1 £ £ 103 .

a) Thrust coef� cient

b) Lift coef� cient

Fig. 11 Variation of the amplitude and phase of the harmonics of the
thrust and lift coef� cients.

were obtained by Isogai et al.18 A harmonic analysis of the last
two cycles of simulation was performed for all of these cases. The
amplitude and phase shift from the heaving motion of the second
harmonic in the time variation of the force coef� cient and the � rst
harmonic in the time variation of the lift coef� cient are shown in
Figs. 11a and 11b, respectively. In Fig. 11a, the amplitude of the
second harmonic, n D 2, of CT reaches a minimum at Á D 50 deg,
although the mean thrust coef� cient at this phase angle is higher
than that at Á D 30 deg, and it reaches a maximum at Á D 120 deg.
From Fig. 11b, the amplitude reaches a minimum at Á D 70 deg, al-
though the mean lift coef� cient attains a minimum at Á D 120 deg.
The phase shift for the lift coef� cient increases with increase in the
phase angle between the pitch and heave motions.

Summary
A � nite element � ow solver based on unstructuredgrids was em-

ployed to compute unsteady � ow past a NACA0012 airfoil under-
going both pitchingas well as pitchingand heavingmotions. A grid
re� nement study was performed for the case of a pitching airfoil,
and grid independentsolutionfor the thrustcoef� cientwas achieved.
The variation of the thrust coef� cient with reduced frequency was
compared to experimental studies of Koochesfahani1 and numeri-
cal studiesof Jonesand Platzer.3 To address the differencesbetween
the current study and the experiments, a wake analysis and compu-
tations with tunnel walls were performed. In both of these cases,
the force coef� cient obtained from the integration of wake velocity
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agreed with that obtained from the integration of surface pressure
and shear on the airfoil. The differences between the experimental
data and the computationsare due to the exclusionof a contribution
of the � uctuating quantities and pressure term in the experimental
thrust computation at the measuring location.

The effect of variation of the amplitude of pitching motion on
the thrust coef� cient showed that the critical parameter for thrust
generation is not the reduced frequency, but rather the Strouhal
number based on the wake width or the trailing-edgedisplacement.

For the case of the pitching and heaving airfoil, several compu-
tations were performed, varying the phase angle between the two
motions. Good agreement was obtained with the experimental re-
sults of Anderson.2 A close examinationof the time variation of the
lift coef� cient showed that a slight loss in lift during the cycle was
due to a vortex attached to the top surface of the airfoil. When this
vortex lifted off of the surface, the lift force began to recover.Thus,
the ability of the code to identify the transients in lift signatures of
the passage of well-identi� ed vortices over the airfoil surface has
been demonstrated.It has also been shown that the thrust coef� cient
attains a maximum value when the pitching motion leads the heav-
ing motion by 120 deg, and the maximum propulsive ef� ciency is
achieved when the phase difference is 90 deg.
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